
Exercises

Luxformel

Vectors and Matrices

Exercise 1

Consider the following vectors in ℝ7:

𝑢 = (0.5, 0.4, 0.4, 0.5, 0.1, 0.4, 0.1), 𝑣 = (−1, −2, 1, −2, 3, 1, −5)

1. Check if 𝑢 and 𝑣 are unit vectors.

2. Calculate the dot product of the vectors 𝑢 and 𝑣.

3. Are 𝑢 and 𝑣 orthogonal?

Exercise 2

Consider the following vectors in ℝ9:

𝑢 = (1, 2, 5, 2, −3, 1, 2, 6, 2),

𝑣 = (−4, 3, −2, 2, 1, −3, 4, 1, −2)

𝑤 = (3, 3, −3, −1, 6, −1, 2, −5, −7)

1. Which pairs of these vectors are orthogonal?

2. Calculate the Euclidean norm of 𝑢.

3. Calculate the infinity norm of 𝑤.
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Exercise 3

Consider the following matrices:

𝐴 = (
2 −2
0 1

) , 𝐵 = (
3 1
6 2

) , 𝐶 =
⎛⎜⎜⎜
⎝

4 1 −1
2 5 −2
1 1 2

⎞⎟⎟⎟
⎠

, 𝐷 =
⎛⎜⎜⎜
⎝

−3 1 −1
−7 5 −1
−6 6 −2

⎞⎟⎟⎟
⎠

𝐸 =
⎛⎜⎜⎜
⎝

2
−1
3

⎞⎟⎟⎟
⎠

, 𝐹 = (−2 1 0) , 𝐺 = (
1 −1 0 0
1 4 0 0

)

1. Calculate, if possible:
• 𝐴 + 𝐵

• 𝐵 − 𝐴

• 𝐵 + 𝐶

• 𝐴𝐵

• 𝐵𝐴

• 𝐵𝐺

• 𝐶𝐸

• 𝐸𝐹

• 𝐹𝐸
2. Write the transposes of 𝐴 and 𝐵 and calculate their product. Which property can one observe?

Exercise 4

Consider the following matrices:

𝐴 =
⎛⎜⎜⎜
⎝

2 −2
−3 1
5 −3

⎞⎟⎟⎟
⎠

, 𝐵 =
⎛⎜⎜⎜
⎝

4 4 4
−2 3 −7
2 5 −7

⎞⎟⎟⎟
⎠

, 𝐶 =
⎛⎜⎜⎜
⎝

4 −1 2
−8 2 −4
2 1 −4

⎞⎟⎟⎟
⎠

1. Compute 𝐴𝑇𝐵 and 𝐶 + 𝐵.
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2. Which of the matrices 𝐴, 𝐵, 𝐶 are full rank?

3. Calculate the Frobenius norm of 𝐶 and the spectral norm of 𝐴.

4. Calculate the inverse of 𝐵.

Exercise 5

Consider the following matrices:

𝐴 = (
2 −2
0 1

) , 𝐵 = (
3 1
6 2

) , 𝐶 =
⎛⎜⎜⎜
⎝

4 1 −1
2 5 −2
1 1 2

⎞⎟⎟⎟
⎠

, 𝐷 =
⎛⎜⎜⎜
⎝

−3 1 −1
−7 5 −1
−6 6 −2

⎞⎟⎟⎟
⎠

1. Calculate the determinants of the matrices 𝐴, 𝐵, and 𝐴𝐵.

2. Calculate the determinants of the matrices 𝐶 and 𝐷.

Exercise 6

Consider the following matrices:

𝐴 = (
2 −1
4 3

) , 𝐵 = (
2 0
4 5

) , 𝐶 = (
6 −9

−4 6
) , 𝐷 =

⎛⎜⎜⎜
⎝

−1 6 2
0 1 0
3 0 −5

⎞⎟⎟⎟
⎠

Calculate, if possible, the inverses of the matrices 𝐴, 𝐵, 𝐶, and 𝐷.

Exercise 7

Consider the matrix:

𝐴 =
⎛⎜⎜⎜⎜⎜⎜
⎝

2 2 3
−2 7 4
−3 −3 −4
−8 2 3

⎞⎟⎟⎟⎟⎟⎟
⎠

1. Add a column to 𝐴 so that it is invertible.

2. Remove a row from 𝐴 so that it is invertible.

3. Calculate 𝐴𝐴𝑇. Is it invertible?

4. Calculate 𝐴𝑇𝐴. Is it invertible?
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Exercise 8

1. Calculate the inverse of the matrix 𝑀 =
⎛⎜⎜⎜
⎝

3 2 −1
1 −1 1
2 −4 5

⎞⎟⎟⎟
⎠

.

2. Use this inverse to solve the linear system:

⎧{{
⎨{{⎩

3𝑥 + 2𝑦 − 𝑧 = 5

𝑥 − 𝑦 + 𝑧 = 1

2𝑥 − 4𝑦 + 5𝑧 = −3

Exercise 9

Solve the systems:

1.
⎧{{
⎨{{⎩

2𝑥 + 3𝑦 + 5𝑧 = 2

7𝑥 + 𝑧 = −1

−2𝑦 + 2𝑧 = 3

2.
⎧{{
⎨{{⎩

𝑥 + 2𝑦 − 𝑧 = 2

2𝑥 + 5𝑦 + 4𝑧 = 3

3𝑥 + 7𝑦 + 4𝑧 = 1
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