
Exercises

Luxformel

Complex Numbers and Vector Space

Exercise 1: Complex Number Inverse

Suppose 𝑎 and 𝑏 are real numbers, not both 0. Find real numbers 𝑐 and 𝑑 such that

1
𝑎 + 𝑏𝑖

= 𝑐 + 𝑑𝑖

Exercise 2: Cube Root of Unity

Show that

−1 +
√

3𝑖
2

is a cube root of 1 (meaning that its cube equals 1).

Exercise 3: Square Roots of 𝑖

Find two distinct square roots of 𝑖 (i.e., find two different complex numbers 𝑧 such that 𝑧2 = 𝑖).

Exercise 4

Prove the following properties and name them:

1. Show that 𝛼 + 𝛽 = 𝛽 + 𝛼 for all 𝛼, 𝛽 ∈ ℂ.
2. Show that (𝛼 + 𝛽) + 𝜆 = 𝛼 + (𝛽 + 𝜆) for all 𝛼, 𝛽, 𝜆 ∈ ℂ.
3. Show that (𝛼𝛽)𝜆 = 𝛼(𝛽𝜆) for all 𝛼, 𝛽, 𝜆 ∈ ℂ.
4. Show that for every 𝛼 ∈ ℂ, there exists a unique 𝛽 ∈ ℂ such that 𝛼 + 𝛽 = 0.
5. Show that for every 𝛼 ∈ ℂ with 𝛼 ≠ 0, there exists a unique 𝛽 ∈ ℂ such that 𝛼𝛽 = 1.
6. Show that 𝜆(𝛼 + 𝛽) = 𝜆𝛼 + 𝜆𝛽 for all 𝜆, 𝛼, 𝛽 ∈ ℂ.
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Exercise 5: Vector Equation in ℝ4

Find 𝑥 ∈ ℝ4 such that

(4, −3, 1, 7) + 2𝑥 = (5, 9, −6, 8).

Exercise 6: Non-Existence of Scalar Multiplication

Explain why there does not exist 𝜆 ∈ ℂ such that

𝜆(2 − 3𝑖, 5 + 4𝑖, −6 + 7𝑖) = (12 − 5𝑖, 7 + 22𝑖, −32 − 9𝑖).

Exercise 7

Prove the following:

1. Show that (𝑥 + 𝑦) + 𝑧 = 𝑥 + (𝑦 + 𝑧) for all 𝑥, 𝑦, 𝑧 ∈ 𝔽𝑛.
2. Show that (𝑎𝑏)𝑥 = 𝑎(𝑏𝑥) for all 𝑥 ∈ 𝔽𝑛 and all 𝑎, 𝑏 ∈ 𝔽.
3. Show that 1𝑥 = 𝑥 for all 𝑥 ∈ 𝔽𝑛, where 1 is the multiplicative identity in 𝔽.
4. Show that 𝜆(𝑥 + 𝑦) = 𝜆𝑥 + 𝜆𝑦 for all 𝜆 ∈ 𝔽 and all 𝑥, 𝑦 ∈ 𝔽𝑛.
5. Show that (𝑎 + 𝑏)𝑥 = 𝑎𝑥 + 𝑏𝑥 for all 𝑎, 𝑏 ∈ 𝔽 and all 𝑥 ∈ 𝔽𝑛.
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